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Abstract 

In the present article we present a particular combination of boundary prob- 
lems for the inhomogeneous tri-analytic equation: the Neumann- (Dirichlet- 
Neuman) problem and the (Dirichlet-Neumann)-Dirichlet problem. In order 
to obtain the solution and solvability conditions we use an iteration's process 
involving those corresponding to equations of lower order. 



1 Introduction 

The basic boundary value problems in complex analysis, the Schwarz, the Dirichlet 
and the Neumann problems have been studied for higher order complex partial dif- 
ferential equations. All kind of combinations of their could be posed which yields a 
large variety of different problems. However, not all of these problems are well-posed 
problems. Therefore we have to look for solvability conditions. 

Integral representations for solutions to higher order partial differential equations 
can be obtained by an iteration's process from the representation integral formulas 
for those corresponding to the first order equations. This method has been used many 
times, instead see [H [21 |3l H] and references therein. In this paper we apply also this 
procedure. Although this method can be used in regular domains, we will restrict to 
the unit disc in order to obtain explicit solvability conditions and solutions for the 
problems treated here. 

In this article we will study some new boundary value problems by combining dif- 
ferent boundary conditions. We limited our study to the inhomogeneous tri-analytic 
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equation and let to a future work the generalization of these combined problems for 
the inhomogeneous poly-analytic equation. 

Next, we present basic problems which have been proved in [2] 

Theorem 1.1. The Dirichlet problem for the inhomogeneous Cauchy-Riemann equa- 
tion in the unit disc 

d-u = f inlDi, w = 7 on D 
for / G C), 7 G C(5©, C) is solvable if and only if for \z\ < 1 

2m I- zQ TT i|f|<i 1 - zC 

The solution then is uniquely given by 

lio 1 r /(c) 



2vrzJ|.i J\C\ 



didri. (2) 

|CI=i ~ " ^ICI<i ^ 

Theorem 1.2. The Neumann problem for the inhomogeneous Cauchy-Riemann equa- 
tion in the unit disc 

djbj = fin^, 9^w = 7on(9D, aj(0) = c 

/or / G C°(1,C), < a < 1 7 G C(a©,C), c G C zs solvable if and only if for 
\z\ < 1 

1 [ KOiCif + J%^,Oidv-^. (3) 



27rz 1 - < C 27r2 J\(-\^^ 1 - < tt (1 - zQY 

The solution then is uniquely given by 

^{^) = ^-7^ [ 7(C) iog(i -^0^-^ [ C/(C) iog(i - zC) ^ 



TT 



Theorem 1.3. The Dirichlet-Neumann problem for the inhomogeneous Bitsadze equa- 
tion in the unit disc 

d^u = f 0123, w = 7o m 9D, d^d^ = 71 on (9D, 9^(0) = c 

zs uniquely solvable for f G Li(©,C) H C(a©,C), 70, 71 G C(a©,C), c G C z/ and 

1 /- 7o(c) , 1 r i-iciV(c) 



C-— / j^dc + - zyy' d^di^ = o. (5) 

27rZ 1 - TT 1 - C 



and 



2TTi 



The solution then is given by 



i|ci<i (C - 2;) C 

The Dirichlet problem for the inhomogeneous poly-analytic equation is proved 
in |t2j. For the same equation the Neumann and Dirichlet-Neumann problem are 
proved in [1] and [Sj respectively. In turn the Dirichlet-Neumann problem for the 
inhomogeneous poly-analytic equation is solved in [3]. However we observe that the 
cases which are considered in this paper can not be obtained direct for the formula 
found there. 

In order to establish the new combined problems we need some identities which 
we will prove using classical results of complex analysis as Gauss'theorem, Cauchy's 
theorem and Cauchy-Pompeiu Formula [5j. 



2 The Neumann- (Dirichlet-Neumann) problem 

In order to solve the boundary problem we need the following lemma. 
Lemma 2.1. For \z\ < 1 and |C| < 1 we have: 

.. 1 f z zl-2z^+l\ 



7rJ|c|<i(C-C)(l-X)^ (1-^0' 
- / — 7 — log 1 - CC 7^ — =7T^ didr] = -— . 

. 1 f ICP-ICP ^ z|C?(2C-4^+2CV-C) + 2^^ 
IV. — / — = — — r dtdn = = . 

^J\c\<i (C-C) (i-^C)^ 2(1-^0^ 
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-T- r didri = - — 

ICKi C C -z) 2 



VI. 



— d^dn = ^ ^. 

7rJ|c|<i(C-C)C(C-^) C-^ C 



vii- — I 7^^^^J^log(l - CO d^dr] 



-/ 



(ICP-ICP)^ 
ICKI (C-C)C(C-^) 



dCdv=\C\' 



C-z c 

c-c c 



-2 



2{C-z) ■ 



7r 



1-ICP 



log(l-CC)-77 ^dCdrj 



ICI<i 



C(C-^) 



—2 



C 3C (l-2|zp + |z|^)log(l-zC) 
2 4 2^2 



Proof, i. Using the Green- Gauss theorem we have 



^— d^dr] = z-^ 



37n^ dC = z — 



7ry|c|<i(l-^C)' 27rzy|^l=i 2(1-^0' 27ri ^i^l^i 2(C - ^) 



-/ 



'ici=i (C-^) 

a. Using the Cauchy-Pompeiu formula we obtain 



-f 



27ri 



C 1 



ici=i (c - zy{i - CO -^i^Ki (1 - - 



— d$,dr} 



\C=z 



-I 



ICKI (i-K)2(C-C) 
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which imphes z— 



in. As 



(1-zCr ■ 



C(i-zC)' (i-^OC (1-^0(1-^0 



we have 



TT 



iog(i - CO 



ICI<i 



(1-^0^ 



d^df] = — 



zlogil - CO 



^ J\c\<i C(i - O 



d^dr] 



+ 



(z'-zC) log(l-CC) 



d^dr) — z- 



ICI<i 



^log(i-CC) 
(1 - ^0 



d^drj 



1 f iog(i - CO ... ^ 1 

+ z- / d^dr) + - 

7r,/|c|<i C ^^ICKi 



d^dr). 



{i-zcr 

Due the Green-Gauss theorem the second integral of the last equality equals 

z f \og{l - CC) d^dr] z f Clog(l-CC) (^C 



TT 



ICI<i 



C 



2m 



ICI=i 



C 



^(iog(i-CO)Clc=o = -zC 



and the third one equals 

1 f - ^c) iog(i - CC) 



d^dr] = — 



iog(i-cc).,.^_lL),c 



27rz7|.|=i (1-^0' 



^'log(l-CO 



_ / iog(i - CO 

C=o '[2{l-zCr 



C=o 



2 ■ 



(1 - zcr 

Therefore the identity is satisfied because the first integral is equal to zero. 
iv. From the Cauchy integral formula we have 



27Ti cHC- 



ici=i C^(C-^)'(i-CO 



C 2z-Cz 
^ dC 



and 



-/ 



-r2 



cc 



dC^ 



{1-zcr 

2z 



|C|=i2(C-0(l-X)' 2(1-^0' 
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(8) 



(9) 



Applying the Cauchy-Pompeiu formula and using ([H]) and we obtain 

IC? f 1 IC?C IC? f c 



n JicKi (1 - ^C)^(C - C) (1 - 2m J^^^^, (1 - z(y(C - Q 

_ \C\\C-2z + Cz') 
(1 - Cz^ 

and 



vr JicKi (1 - zCnC - 2(1 - zCr 27rz J^^^^, 2(1 - zCm - 

2(1-^)2- 

Adding the results of the two previous expressions we obtain the desired identity. 
V. First we consider 

2 2 

We observe that i/j is an holomorphic function respect to z. Using the change 
^ = expi^, < ^ < 27r, we can prove that ^/^(*^)(0) = 0, = 0,1,- ■■, which 

mean tp{z) = — — = 0. On the other hand, because of Cauchy-Pompeiu 

formula 

^ ^ dC f — d^drj = [ — d^dr] 



2 27ri ii^i^i 2(C - 2) ttJi^kiC-^: t^J\<:\<iC-z 

and if we make 2; = we get 

- / ^ d^dr] = 0. 

So, we have 

~ /" Wy~^ d^dr] = - [ -^d^d7]--[ ^d^dr]=-^. 
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vi. After to use the Cauchy-Pompeiu formula 



1 



^^icKi (C-C)(C-^) 



d^dr] 



IT 



ICKi C-C 



1 1 

d^drj + 



TT 



d^drj 



d( — z 



and if z = we have — 



Then, we can write 



^ — dfdr] = £. 

^^ici<i(C-C)C C 



1 f 1 



^ ^ICKi (C - C)C(C -z) ' vr Ji^Ki (C - C)(C - ^) 



1 







d^drj 



^J\c\<i (C-C)C 



tiiz. Since 



c(c-^)V c 

we have 



c-^ cy vc 



C-z c 
C-z c 



2C 1 C 

+ 



C(C-^) c-z c c 



1 

27r 



ICKi 



21og(l-CC) 



d^drj 



1 /• log(i-CC) 1 /■ 2Clog(i-CC) , 

2^ .4|<, ^^^^ " ^ / - - ^^^^ 



Cl<i 



Clog(i-CC) 



27r i|c|<i C 



d^rfr]. (10) 



Solving the four integrals in (fTOj) we obtain the identity. For the first one we 
have after de Cauchy-Pompeiu formula 

1 r iog(i - CC) ^^^^ ^J_r Ciog(i-CC) _ ziogji-zC) 
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Now we observe that the boundary integral is an holomorphic function respect 
to z an denote it as '^{z)-, so 



2« iiji., c(c - h 

Now we calculate ^'(O) 



Taking C = e'^ we have 

^ ^ 277 Jo ^ n 2 ' 

n=l 

where we have considered the uniform convergence of the series. The derivatives 
of ^{z) have the form 



and 



and making the change ( = e'^ , 6* e [0, 27r] 



.2. oo -'=+2 



^(fc)(o) = --^ / y e^(n-(/=+2))eL ^ 

So we have 



oo -^=+2 



T / N V- C k log 1 - -^C C 

^ ^ ^ A; + 2 ^ 

fe=0 
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Therefore we arrive to 



1 f log(l - CO log(l-0 , C zlogjl -zQ 

~ / ^77 ^ ^^^^ = 2 + 

^ J\C\<i CiC-z) z z 



(l-I^P)log(l-zC) , C 



+ -. 

z 



Observing the former calculation we have for the second integral in f fTOj) 



-2 



1 

2^ 



ICKi 



iog(i - CO , ^(0) C 

dCdv = ^ = -^ 



For the third and fourth integral in (fTOj) we have 



^2log(l-zC) ^(z) 



and 



1 

2^ 



ICI<i 
respectively. 
via. From 



ICI=i 



C iog(i - CO _ ^(0) 

4C 4 



-2 

c 



1 



c^ 



^^icKi (C-0(C-0 



d^dr] 



C-z 



- [ d^dr] + - 

^^ici<iC-C ^ 



Cl<i 



C-^ 



dS,dr] 



—2 



c -^^ 



and [vi) of this lemma we get the result. 
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ix. It follows making 

z 1 - icpiogq - CC) 

C(C-^) c 

and applying {Hi) of this lemma. 



1 1 



c-z c; vc 



- - C iog(i - CO 



□ 



Theorem 2.1. The Neumann- (Dirichlet-Neumann) problem for the inhomogeneous 
tri- analytic equation in the unit disc 

d^u) — f inJ]), di,uj — ^ on 9D, a;(0) = c, 

dzOj — ^Qond^, d^dzdzU! — 'ji ond^^ dzdzUj{0) — ci, 

for f e C°(D, C), < a < 1, 7,7o,7i e C(5D,C), c,Ci e C, is uniquely solvable if 
and only if for z 



1 / 7o(C) , 1 / ... n 



1 



(71(C)- C/(C)) , 1 

'^T^i J\C\=1 C(l-^C) TT 7|^|<i (1 - zC)^ 



— — c/^c^r/ = 0, 



(11) 
(12) 



and 



(7(0+^70(0) dC- — 



1 



2ni 



(71(C) -C/(C))K 



ICI=i 



2C 



c^C 



+^ I ^^^^ 



2z'^ -2z^C + z\C? 
2(1-^0^ 



(i^(i?7 = 0. 



(13) 



The Solution then is given by 



-(-)=--^"i/' 7(C)log(l-<)f 



27rz 



ICI=i 



C 27rz 



70(C) 



ICI=i 



C-z C 
C-z c. 



rfC 



2m 



7^ (71(C) -C/(C)) 



ICI=i 



1 + ^ 

2z 4 



1 
2? 



log(l - <) ^ 



^ -/iCKi 



—2 



C(C-^) ^(C +^^) c 
C-^ 2C(C-^) c 



(14) 
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Proof. The given system is converted into the following two boundary problems: 
dzU) = If in D, 9i,a; = 7 on 9D, a;(0) = c, 

dzdz(p = f in D, = 70 on 9D, d^, ((^99) = 71 on 9©, ^^^(O) = Ci. 
So using Theorem \1.2\ u is 



27r2 



d^rf77 (15) 



if and only if ([3]) is satisfied with (f instead of /, and by Theorem 11.31 ^9 is 



''^^^ < + ^ / (7.(C)-C/(C))^log(i-.C) '4 



21X1 



ICI=i 



C 



, /(C) ' didr, (16) 

under the solvability condition (JSj) and (l6l) with Ci instead c. Now we consider ([3]) 
with (y9 instead of /: 



7(C) - Cy^(C) 1 f ^¥^(0 

27rz7|^l=, (l-^C)C ^ 7r^|<i(l-zC)^ 
Substituting the expression for ip into f[T7|) we have 



d^dr] = 0. 



7(C) ^^C 1 



27rz 7|c|=i (1 - ^C) C 27n J^^^^, ({1 - zQ 



dC 



(17) 



77- / 7o(C) 



1 

271^ 



1 

TT 



[ /(C) 


-/ 


/ici<i C 


2m J\(-\ 



c < 
ci=i(C- 0(1-^0 C 

ICP-ICP c 



C-c C(i-^C) 

70(C) 



dC 



d^dfi 



Cl=i 



cKi (C- 0(1-^0^ 



d^dr] 



dC 
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+ i / (71(C) -c7(c)) 



+ 



1 r (i-icp)^iog(i-CC) 

vriicKi C(l-^C)^ 

^(ICI-ICP 



dC 
J 



m 

ici<i C 



cKi (C- 0(1-^0^ 



d^dr] 



didfi = 0, 



for C = ^ + 277. In order to obtain (fT3|) we use {€) — (iv) of Lemma [2. II and 



-2 



c ^^c 



c 



dC 



27rz 71^1=1 1-X C ' 27rz 71^1=1 (C_ 0(1 -^C) C 1 - ^C 



and 



1 
27ri 



ICP - ICP C c/C _ z'a - IC?) 
ici=i (C-C) (1-^C) C 



1-zC 

which are calculated by applying of Cauchy integral formula. 
In order to obtain (1141) we carry ( lT6l) to ( 1T5|) having 

u:iz)=c-^ [ 7(C)log(l-<)f -cii / -i-^ 



d^drj 



d^drj 



2m 



/(C) 



;r- / (71(C) -C7(C)) 



ci<i C 



ICI=i 

1 

+ 



icKi (C-C)C(C-^) 

(i-ICp)ziog(i-CC) 
CKI C^(C-^) 



dC 



d^dr] 



dC 

c 



(icT-ici^)^ 
icKi (c-c)c(c-^: 

70(c) 



d^dr] 



d^dt] + ci 



2ni 



Cl=i 



C'log(l-<)^ 



27Ti 



ICI=i 



1 

27d 



Clog(l-0 dC 
C J 



^^C 



1 

TT 



/ /(C) 


-/ 


/ici<i C 


2m 



ici=i C-C 

(ICP-|CP)Clog(i-<) t/C 



C-C 



c 



d^dfj. 
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Taking into account that the integrals 



2Tii 



Cl=i 



C'log(l-<) 



(|C?-|CP)Clog(i-<) 

c-c c 



are all equal to zero because of the Cauchy integral formula and using (w ) — {ix) of 
Lemma [2. II we get the solution f lT^ . □ 



3 The (Dirichlet-Neumann)-Dirichlet problem 

Now we will study the combined problem (Dirichlet-Neumann)-Dirichlet. As we did 
in the former problem, we will prove some identities. 

Lemma 3.1. For \z\ < 1 and \C,\ < 1 we have 



—2 



1 

^-/|ci<iC(i-^C)(C-^) 



2C (1 - ^C) 



II. 



^ log 1-20^ = 0. 

27rW|^l=iC-C ^ C 



'^■/|ci<iC(C-^)(C-C) 2C i-z 



Proof, i. Since 



TC 



C(i-JC)(C-0 C(i-JC) 



1 1 
+ - 



ici<iC(i-^C)(C-C) ^i|ci<iCC(i-^C) 



C C-C, 
1 



then 



d^drj 



1 

^^■/|ci<iC(i-^C)(C-C) 



— = dEdri [ ^—3 

^^i<i(i-K)(C-C) 



d^drj. 
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After applying Cauchy Pompeiu formula we have 



TT 



1 CI/" c 

T7 d^drj = - — / — — ~- dC 



ici<i(i-^C)(C-C) i-^C ^^^J\c\=iii-zC){C-0 



1 f 1 

and if we take C = we obtaing — / _ d^dr] = z. On the other hand 

^ ^ didri = ^ [ S f^C - ^ 



vr7|c|<i(l-^C)(C-C) 27r^ 7,^1=1 2(1 -^C)(C-C) 2(1 - ^C) 



27r2 



-2 -2 

■2 



1 r e c r-c 



Vl=i2(C-j)(l-C0 2(1 -zC) 2(1-^0 

zi. Follows from the Cauchy 's theorem. 
in. 



TT 



cKi C(C-^)(C-C) ^i|ci<i(C-^)(C-C) ^i|ci<iC(C-^)(C-C) 



Since ^-rz = — ( h 1 we have 



(C-^)(C-C) C-z\C-z c-c 

If Idjdri _ 1 1 /" C djdT] 1 1 f ( d^drj 

^^i<i (c-^)(c-c) ~ c-^^^i<i c-^ c-z'^J\c\<i c-c 

^2~ 

1 (-^\c_ 



C-zy2 2 

where we used the proof of (v) in Lemma 12.11 On the other side using (vi) of 

_1 f z Q — 'z C 

Lemma 12.11 we have z— / d^dr] = '2 



TT 



ici<iC(C-^)(C-C) c, 

□ 
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Theorem 3.1. The (Dirichlet-Neumann)-Dirichlet problem for the inhomogeneous 
tri- analytic equation in the unit disc 

d^u — f m D, a; = 7o on dB, di^dzOJ — on dD, 
d^u) — ^ on 5D, dzU){0) — c. 

for f e Li(l, C) n C{M, C), 7, 70, 71 G C{dB, C), ceC, is uniquely solvable if and 
only if for z eB>, 



1 

2tH 



=1 ^ ~ 



|C|=i ^^ICKi 



/(C)- 



(18) 



7(C) [2C-C(C +^')] 



c 



1-^C 



2n 



/(C) [2C-C(C +^')] 



ICI<i 



c 



1-^C 



d^dr) = 



and 



nc - z) 



27^^J|^l=l C(l-0 ^^|CI<i (l-O 

r/ie solution then is given by 

uj{z)^cz+— dC + — 7i log l-< — 

27rz /|^|=i C- z 2m 2; ( 



(19) 



(20) 



1 

Am 



7(0 



ICI=i 



C(l-2|^p)+^^(2-C) 



dC 
C 



2tt 



- TT- / /(O 



ICI<i 



' C(|CP-2|^P) + Z^(2-C) ' 

C(C - ^) 



didr]. (21) 



Proof. The problem is discomposed into the system 

dzdzio — in D, a; = 70 on 9D, d^dzU — ^i, on 9D, 9za;(0) = c (22) 
and 



9z = / in D, = 7 on 5D. 



(23) 
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By Theorem II. 3^ the solution of (122 p is ([7]) with Lp instead of / under the soluabihty 
conditions ([S]) and ([H]) again with tp instead of /. On the other hand, the solution of 
(123|) is given by ([2]) restricted to the condition ([1]). Substituting ([2]) with (p instead 
of u in the solution of (122|) we obtain 



u{z) = CZ + - — : 



27rz 



-r + TT- / 7i(C) log(l - ^C) -r 



=1 C - ^ C 27ri 



Cl=i 



C 



1 

27ri 



7(0 



ICI=i 



2712 



C 1 



ici=iC-C 



log(l-zC) 



- dC 



dC 



1 

+ - 

TT 



/(C) 



Cl<i 



27r2 



C 1 



ici=iC-C 



■ log(l -zC) 



2m 



+ 77- / 7(C) 



Cl=i 



IT 



ICP 



ci<iC(C-^)(C-C) 



d^drj 



dC 



71 



/(C) 



Cl<i 



IT 



ICP-N 



ici<iC(C-^)(C-C) 



d^drj 



d^df] 



After 



i_ r ciog(i-<) ^ 



and {in) of Lemma [3.11 we have ( l2T]) . In order 



to prove (fT9|) and (120|) . we substitute (j2]) with instead of a; in ([5]) and ([6]) where we 
have taken ip instead of /. It yields, 



c — 



27Ti 



ICI=i 



1 - 27ri 



7(C) 



ICI=i 



TT 



1-ICP 



cKi C(i-^C)(C-C) 



d^dr] 



dC 



and 



71 (C) 
2m /|.|=i C(l-^C) 



7r 



dC 



/(C) 



Cl<i 



TT 



1-ICP 



CKI C(i-^C)(C-C) 



d^drj 



didfj = 



2ni 



'lCI=i 



7(C) 



c 



dC 1 



L27rz/|^l=i(C_ 0(1-^0 C ^/|c|<i(C- 0(1-^0 



d^drj 



dC 
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+- 



TT 



/(C) 



L2vrzJ|^l=i(C- 0(1-^0 C 



d^drj 



d^drj. 



Using (i) of Lemma [3.11 and (ii), (vi) of Lemma [2. II we get the solvability conditions 
for this problem. □ 



Remark The combined boundary value value problems studied in this paper can 
be generalized to the following combined problems for the nonhomogeneous poly- 
analytic equation: /c- Neumann- (m-Dirichlet-n-Neumann), (m-Dirichlet-n-Neumann)- 
A;-Dirichlet, A;-Dirichlet-(n-Neumman-m-Dirichlet) and (n-Neumann-m-Dirichlet)-/c- 
Neumann which extend the cases treated in 



References 

[1] Begehr H., Kumar A. Boundary value problems for the inhomogeneous polyan- 
alytic equation, Analysis 99, R. Oldenbourg Verlag, Munchen, 2004. 

[2] Begehr H. Boundary value problems in complex analysis I and II, Boletm de 
la Asociacion Matematica Venezolana, Vol XII, Nro 1, 65 (2005) 

[3] Kumar A., Prakash R. Mixed boundary value problems for the inhomogeneous 
polyanalytic equation. Complex Variables and Elliptic equations, Vol 51, Nro 3, 
209-223, 2006. 

[4] Kumar A., Prakash R. Neumann and mixed boundary value problem. Journal 
of Applied Functional Analysis, 3, 399-418, 2008. 

[5] Tutschke W., Vasudeva H. An Introduction to Complex Analysis: Classical and 
Modern Approaches, Chapman and Hall, 2004. 



17 



